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similar  neighboring  sources.  For  instance,  agencies  of  the 


from  a hypothetical  superpopulation  depending 


superpopulation  mt 
distributional  form  of  the  prior. 

considered  with  and  without  the  presence  of  auxiliary  Information. 

suitable  rival  estimators  on  the  basis  of  relative  savings  loss 

further  distributional  assumptions  regarding  the  superpopulation, 
procedure.  The  proposed  empirical  Bayes  estimators  perform  very 

it  turns  out  that  the  empirical  Bayes  ei 


CHAPTER  ONE 
INTRODUCTION 


Early  work  on  model-based  inference  in  survey  sampling  theory 
population.  From  a Bayesian  perspective,  this  amounts  to  putting 


! Bayes  approach  ti 


sampling  is  due  to  Ericson  (1969a).  He  put  prior  on  the  finite 
population  in  two  stages.  At  the  first  stage,  a prior  is  imposed 

unknown  parameters.  This  is  equivalent  to  the  classical 
superpopulation  approach  of  sample  survey  theory.  At  the  second 

element  of  the  finite  population  is  considered  to  be  an 
with  Dlrichlet  prior  imposed  on  the  success 


probabilities  Is  assumed.  He 
presence  of  auxiliary  information.  Ii 

In  a later  paper  (1969b).  Erlcson  found  an  identical 
estimator  for  the  finite  population  mean,  starting  only  with  the 

so  called  "posterior  linearity"  property  which  is  Che  key 

(1969b)  that  this  condition  holds  for  many  parametric  families 

In  fact,  it  was  shown  by  Uaconls  and  Ylvisakar  (1979)  that 
"posterior  linearity"  is  preserved  for  the  general  exponential 
family  with  conjugate  prior  Imposed  on  the  parameter.  It  was 
shown  in  Goldstein  (1975b)  that  the  condition  holds  for  Dirichlet 
process  priors  (see  Ferguson  (1973)  for  Che  definition  of 
Dirichlet  process  prior).  Yet  another  example  of  a parametric 

situation  when  the  prior  is  taken  to  be  multivariate  c.  Hartigan 

theory.  Similar  ideas  hove  also  been  used  by  the  actuarists  under 
Che  heading  of  "credibility  theory"  (see  for  example,  Jewell 


context  of  nonparametrlc  estimation  of  a completely  unspecified 


y successfully 


series  of  articles  by  if ri 


unknown  and  needs  to  be  estimated  from  the  data.  Morris  (1983b) 

"borrow  strength  from  the  ensemble,"  i.e.  use  Information  from 

addition  to  the  most  directly  available  source  of  information.  It 
was  pointed  out  by  Ososh  and  Meeden  (1986)  that  empirical  Bayes 
analysis  could  be  very  suitable  in  certain  estimation  problems  in 

estimate  a single  finite  population  mean.  One  situation  where 
has  at  one's  disposal,  not  only  the  current  data,  but  also  data 


Fay  and  Harriot  (1979)  and  Fuller  and  Harcer  (1985)  have  also 
from  the  ones  used  by  Ghosh  and  Meeden  (1986).  However,  the 

assumption  of  the  superpopulation. 

1.2  The  Subject  of 


and  different  empirical  Bayes  estimators  have  been  constructed, 
starting  from  the  assumption  of  posterior  linearity.  This  is  the 

Morris  (1973)  in  the  context  of  infinite  population. 

strata  means  without  the  presence  of  auxiliary  Information.  In 

information  is  available.  Chapter  Four  is  devoted  to  the 


e resulting  estimator  are  different  from  what  is  prescribed 
s dissertation.  Our  Bayes  estimator  is  a generalization  of 


d by  Score  and  Smith  (1969),  and  is  different 
e prescribed  in  Malec  and  Sedransk  (1985).  However,  none 

rival  estimator  on  the  basis  of  relative  savings  loss  (RSL) 
Introduced  by  Efron  and  Morris  (1973).  This  is  really  the 

prior)  improvement  over  the  rival  estimator  that  is  sacrificied  by 
the  use  of  empirical  Bayes  estimator  instead  of  using  the  ideal 

the  RSL  while  estimating  a single  finite  population  mean  under  a 
normal  theory  set  up.  We  have  been  able  to  show  essentially  the 

conditions  will  be  discussed  in  details  in  Chapter  Two  through 
Chapter  Five.  We  shall  show  in  these  chapters  a robustness 

asymptotic  negligibility  of  the  RSL  as  the  number  of  strata 
increases  to  infinity.  In  certain  special  cases,  we  have  been 


snail  number  of  strata  are  available. 


CHAPTER  TWO 

ESTIMATION  OF  MEANS  FROM  STRATIFIED  SAMPLES 


sample  of  fixed  size  rij  taken  from  Che  jth  stratum.  Without  loss 
of  generality,  let  Sj  - (Uj|,...,Ujn^)  for  A sampling 

Thus,  p(Sj>  > 0 for  all  Sj  s Sj  with  E p(s^)  " 1.  Suppose, 


(2.1.1) 


As  pointed  out  by  Ghosh  and  Meeden  (1986),  thii 
identified  as  a classical  prediction  problem. 


X^j's  be  iid  with  distribution  depending  only  on  , 


d superpopulation,  the  flnl 
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interpretated 
infinite  normi 
observations  1 
observations  from  different  strata  are 
a slightly  more  general  model  with  E(> 
is  not  necessarily  a one-one  function 


r is  the  prior  variability  while  7 L can  be 
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ic  follows  from  (2.4.8)  Chat 


V(SSU)  < Cm. 


(2.4.9) 


Also,  from  Theorem  2.3.1,  E(MSW)  ■ . Thus,  using  (2.4.10) 


(2.4.11),  (MSB-E(MSB) )/MSW  £•»  0.  Use  (2.4.11)  end  the  bound 


(m-l)(m-3)"1HSB/MSW  - E(MSB)/t2  -+  0.  (2.4.12) 


Again  E(MSB)/r*  - 1 + gM_1  (m-l)-1,  and  we  have  shown  already  that 
g(m-l)“*  ■ 0(1).  Recalling  the  definition  of  M-1  In  (2.3.9),  one 
gets  the  result. 
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Now,  writing  c ■ (m-3)/(m(n-l ))  and  uaing  Theorem  2.3.1,  it 
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Equation  (2.4.42)  follows  n< 


Before  giving  examples  where  (2.4.41)  holds,  we  see  ai 
important  consequence  of  (2.4.46).  Calculations  similar  t< 
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distributional 


estimators  £a,  g0,  and  gEB  in  Case  1.  Note  that,  in  this 

classical  sample  mean  estimator  in  terms  of  Bayes  risk.  The 
greater  the  belief  we  have  on  the  prior  (reflected  by  smaller 
values  of  a2),  the  better  is  the  performance  of  gB  and  gEB  as 


PCTMP  is  really 


o~ , we  are  getting  impressive  PCTIMP  and  RSL  values.  Figure  2.4 
plots  the  PCTIMP  as  a function  of  o-1  . 


Table  2.2  gives  the  risks  in  Case  2.  The  risks  for  g„,  gaT, 
£va  in  chls  M6e  are  exactly  the  same  as  those  in  Case  1, 
indicating  that  a misspecification  of  the  common  prior  mean  has  no 


worse  than  that  of  gQ  or  gEB-  The  graph  is  shown  In  Pigure  2.2. 


estimator  as  well  as  the  classical  estimator  are  much  less 

exchangeability,  the  empirical  Bayes  estimator  outperforms 
classical  estimator,  and  does  substantially  better  than  tht 
subjective  Bayes  estimator  for  mlsspedfled  priors.  Thus, 

degree  of  robustness. 


18.7472  56.8750  0.3535 
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Next,  we  consider  a balanced  situation  when  n,  n.  - A. 
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remain  unaffecced  by  a change  in  the  value  of  u>  The  risk  of 
is  affected  very  much  by  such  a change.  In  fact,  it  is  a 


or  * denoces  r: 


0 denotes  risk  for  eEg 


□ denotes  risk  for  i> 


A denotes  risk  for  e 


Che  Balanced  Case. 


ESTIMATION  OF  MEANS  FROM  STRATIFIED  SAMPLES  IN  THE 
PRESENCE  OF  AUXILIARY  INFORMATION 


information  in  small  area  estimation  problems.  For  example,  in 
estimating  the  acreage  of  corn  and  the  acreage  of  soybean  for  12 


used  auxiliary  information  from  the  Landsat  satellite  in  addition 
to  the  data  available  from  U.S.D.A.  on  the  acreage  of  these  crops 
for  36  sampling  units  (segments)  in  this  area.  The  Landsat 

unit  of  satellite  observation)  classified  as  corn  and  soybean  for 
chis  area.  In  estimating  1969  per  capita  Income  for  small  places. 


estimators  by  incorporating 
the  estimation  procedure.  1 


'iable  of  Interest  X,  we  h. 
say  Z,  for  all  the  uniti 


he  «jt*.  are  known  and  ZJf  > 0 for  all  1 - 1 Kji  J - 

Ut  V ' f“  1 ' ‘>-’V  * ' 1 - 


•S’-W 


sj  ■ ■f&v 
v- 


* of  MSI.  H.  V "A  d,  add  , Wald 


(3.3.1) 


(3.3.4) 


*2”  - "I'K-ivi. 


■ &iu ;■>).  —• 


dJi  ■ *ji- 


Using 


following  result. 


Now.  using  Theorem  2.4.2,  one  gets  the 
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example,  assume  t 

Poisson  (9j).  Then  Cg  - Cj  ■ 0 and  Cj  - 1.  Morris 
characterises  all  possible  distributions  belonging  to  the  natural 
exponential  family  with  quadratic  variance  functions.  However, 
our  analysis  can  Incorporate  other  distributions  as  well  In  the 
superpopulatlon  model.  As  an  example,  It  holds  for  multivariate  t 

The  outline  of  this  chapter  is  as  follows.  In  Section  4.2, 
we  have  developed  Bayes  estimators  of  variances  from  different 

in  the  sample  observations.  Ericson  (1969b)  used  this  idea  for 
estimating  the  finite  population  mean,  but  to  our  knowledge,  his 
idea  has  not  been  pursued  for  estimating  the  finite  population 

population  variance  developed  by  Ericson  (1969a)  is  indeed  a 
special  case  of  the  estimator  developed  in  Section  4.2.  In 
Section  4.3,  different  empirical  Bayes  estimators  are  obtained 
from  a classical  viewpoint.  The  development  follows  the  lines  of 

empirical  Bayes  estimators  is  studied  in  the  general  case  when 
sample  sixes  from  different  strata  are  not  equal.  Certain 
additional  results  are  provided  when  sample  sixes  are  all  equal. 


Under  Che  assumed  model  and  Che  poscerlor  linearicy  condldon 
described  in  (2.1.3),  ic  follow  from  ColdsCeln  (1975b) 
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- l,2(»j-0j > + “jWj-  «)2}]. 


•Si’  ■ Mefo-m.} 


(£i  £eb, 

- >J2-[(tvv*v‘‘>  - iwV» 


■jivu-'.j* 

(4.4.1) 


(i)  inf  nj  > 2,  (li)  .up  - K < (ill,  Elu^Ce,)]  < - fur 

« > 0,  (iv)  Ele^r*  < - for  ao.n  6 > 0,  and  (v)  for  at 


K Elu2<ei)l  <-  and  (1.)  0<  o2  - V(6,)  <-, 
11.  inf  E(#  > 0. 


«i> ' «"->  • 


....  .2«j>  ■ . ...j . «,V-  ■><“ 

‘j,  ■ 


(I)  Cu-u)2  < {K2/4>i.'1sJ_lCXj-u)2  (c(  (A.  14)  Chosh 

and  Meeden  (1986));  (4.4.6) 

(II)  (n'V)2  - {<i-u)2+2u(C-u)}2  < 2((u-u)4+4iiZ(u-u)2);  (4.4.7) 

<“*>  iyvV  ’ s»*!“!ll*» 

(lv)  (MSWd-Bj)  - I2(l-Bj)l2  - |(MSW-,2)(l-;3)  4 t2(Bj-Bj)|2 
‘ 2{(MSW-T2)2  4 t4  oax  <B  -B  )2}; 

KJto  3 3 (4.4.9) 

(»)  l(c1+2cJ»')(i-y(xj-;>  - (Ci42c2„)(i-b3)(x3-i,)J2 

« 2{=?CO-BJ)(XJ-u)  - (1-BjXXj-u))2 
4 4«,|(i(l-iJ)(*J-;)  - w(1-B3)(X3-u))21 
' 4c2( (i-w) 2(  1-Bj)  2 4 (Bj-Bj ,2(Xj-u)2} 

4I6c|{(i-u>2(l-B_j  )2(5tJ-C>24U2«l-SJ  )(X3-C)-(1-Bj  )(X3-v))2} 


♦ * u-rfSj-it)*] 

> «‘i*5  * •1<.-;1>!w1-»*  - <-3-jz  * 

. * ..o-v'l'tOj-il’-lir-l2)1 


< 4(l+|c2|)2l(i-l.)4  + *(XJ-u)2(u-u)2l 

•*W  • 


“i»  < . .J  a,  i., 

”*•*  -v»“ 


- (4.4.11) 


~ ■-‘WH*  — 





B - nln(l  .4) 


»*1  - 

"SL  (a  6EB.  Bq)  - «.“*)  » — ■ 


E(A2  ) - «■-«>  » 


<i)  E(jj-u)2  - E(X-u)2  - ■_1V(X1)  - <X»_I)i  (4.4.15) 

(u,  e<;2-„2)2  - e|(;-„,2  ♦ 2„(;-„)}2 

< 2E((;-U)4  + 4U2(;-„>2}  - OUT1):  (4.4.16) 


(iv,  EKe1+2c1S)(l-B)(XJ- 

< 2{c2E((l-B)(Xj-X)  - (l-BKXj-M))2 
♦ 4c2E(X(l-B)(Xj-X)  - u(l-B)(XJ-u))2} 


<4C;E((x-„,2  + (i-B)2(x-rU)2) 

+16c2E((X-l.)2(Xj“X)2  + m2((1-B)(Xj-X)  - (1-B)(X^-b))2) 
< 4c2E{  (X-u)2  * (®“.)2(Xj”ll)2} 

♦ 16c2E{(X-„,2(XrX)2 

+ 2u2((B-B)2(Xj-J)2  + (1-B>2(X-u)2)1.  (4. 


Ii X.  «■  lid  *"d 


BXc^CX-v)2 


* 32c2u2E|(M)''(tB)2SSB]. 


E{(X-y>V1(SSB)) 

< E1;Z  (3c-u>4  E1^  (SSB/t.)2  < E^tx-u)4  E1/2(MSB)2 

. EV2  (X-u)  V(MSB)  + (E(MSB))2//2 

- o(»-‘)oa)  - ««->);  <4. 

(v)  E{(gjB2  ♦ c2(l-H2)(XrX)2  - (gjB2  + c2(1-B)2)(Xj-,)2}2 
< 2E{(gJ(B2-B2)  + Ej[ ( l-B) 2-C 1-B) 2])2<Xj-X)4 

+(gj B2  * c2U-B)2)2((iirp)2  - (Xj-X)2)2) 


« 2E{*<  i+ 1 C2 1 ) 2< B-B>2c5Ej-I)4 

+ (i+|c2|)2[(x-u)2  * 2(S-«)(yS>]2) 

< «i+|.J>*lKM>*<*I-«>*  * <x-u>4 

+ 4(X-u)2(Xj-X)2}. 

E(X-li)4  - 0<»'2),  E(x-B)2  - 0(m~* ) , E(MSB)2  - 
-"la3-i*j  (rl8ht  h*"<1  6lde  fflf  <4-4-2,))  ' 


< E1/2(i-B)4  E,'2[n.-1I"_I<5EJ-X»8] 

< 5 V2  (l-B)4  E1/2[-"1^.1CXj-1.)8-KX-B)8]. 


, i - 


- E<V)-4BE(bV682E(42)-4B3E(4)+B4 


S(8-»)*/»* 

m3(n-l)3(m-5)(m-7)(m-9) 

. 4 SLa=21?£al2=ii±5lIist2=Ai±2) 

m2(n-l)2(m-5)(m-7) 

m(n-l)(m-55 

“ [(m-3)3(ra(n-l)+6)(m(n-l)+4)(a(n-l)+2) 

-4ra(n-l ) (mCn-1  )+2  )(m(n-l  )+4  )(m-3)  2(m-9) 
+6m2(n-l)2(m(n-l>«)(m-3Km-7)(m-9) 
-3m3(n-l)3(ra-5)(m-7)(m-9) ] 

♦ m3(n-l)3(m-5)(m-7)(m-9).  (4.4.25) 

Now,  wo  have  verified  that  the  coefficients  of  in  and  in3  in 


Following  a similar 


argument,  one  can  verify  (4.4.23)  for  a multivariate  t prior. 


ESTIMATION  OF  MEANS  PR  CM  TWO-STAGE 
STRATIFIED  SAMPLES 


In  Che  previous  chapters,  we  have  considered  estimation  In 
flntce  populacion  sampling  when  samples  are  drawn  In  one  scage. 

In  this  chapter,  we  generalize  the  idea  by  estimating  the  means  of 
several  strata  when  samples  are  drawn  from  each  stratum  In  two 


stages.  Suppose  that  each  unit  with 
counties  within  a state  are  sometimes  used  as  Che  different 


Scott  and  Smith  (1969)  carried  out  a 

prior.  Their  results  were  generalized  to 
Malec  and  Sedransk  (1985).  Like  the 


Bayes  estimators  of  strata  means  in  two-stage  sampling 
derived  in  Section  5.2  under  the  assumption  of  posterior 

Smith  (1969)  and  of  Erlcson  (1976).  The  latter,  like  ours, 
•s  appearing  in  the  Bayes  estimator  of  Section  5.2  1 


j th  primary  uni 


r distribution  is  assumed  f« 


depending  only  on  ->kJ . and  E(XkJI|9kj)  - 9y.  and 

v<\jilV  ■ (1-1 V J-‘ v- 

only  on  »k.  and  E<ekJ|„k)  - V and  V«.kj|„k>  - 

C.  The  Uk'a  are  lid  with  E(»k)  - w and  V(uk)  - S2.  Also 

T2  - Eu,(9k.)  and  o2  - En-OO. 


V * “ + (|c  + \j  * %V  «•»•» 

Alao,  tkJ1'a  are  lid  with  E(ekjl>  - 0 and  Vft^,  . ,2;  V«  ar, 
lid  with  E(nkj>  - 0 and  V(nkj)  - a2;  5k’s  are  lid  with 
E(5k>  - 0 and  V(5k)  - 52.  Then,  writing  ak  - v ♦ ?k  and 
«kJ  - v + Ek  + nkj  - uk  + \y  It  la  easy  to  aea  that  the 

"2<“k>  - a2  for  all  k. 



‘W  - r‘4, "„-!>*• 


"V' 


*!*b  Is.)  - iiit’ui  * 

i*!'u  - ‘m‘m*“Xu  - ■$’)*  (*■>•» 


To  achieve  the  desired  minimization,  we  use  the 
(A)-(C)  with  the  suffix  It  dropped.  First  note  that 


VlOj)  - EVtaJp)  + VEWju) 
- Em^Bj)  + V(u) 


■Al1 


(5.2.4) 


Cov^j.Bj.)  - ECovIBj.Bj-Ip)  + Cov  (E(91|y),E(B1,|p)) 


Next,  using  (5.2.4),  (5.2.5),  and  Che  assumptions  (A)-(C),  one 


E(XU)  - EE(E(Xlt  l^j^)  |ti)  - EElBjIu)  - E(u)  - v;  (5.2.6) 


cov  |b«u  |b1),e(x11.|b1,)) 


(5.2.8) 


r(E<X11|#1>,E(X1,11,|81.)} 


EfxJj)  - o2  ♦ r2  + 42  * e2  ; 
e(x11xu.)  - o2  + «2  + v2  (1*1')  ( 
B(XU*l'iO  ■ {2  + “2  ««')• 

E[9JXji)  - «2  + «2  + »2  ! 

E(yu)  - s2  + v2 


(5.2.9) 


(5.2.11) 


(5.2.12) 


(5.2.13) 

(5.2.14) 


Then,  using  Theorem  2.1  of  Goldsceln  (1975a),  1c  follows  that  for 


l<j<m  . 


■(•jlS)  - 1%\  ■ 


(5.2.15) 


™. •«.  1 

V. 


s -V.*-  'V“vVi V. 

•xw\--Ay-\K 


v«*V^,V  »■■■"■■•• 

.(..is b (>•>.■«> 

m”-  -e  *»• 


ECe^Xj)  - «2  + »2  (J*l).  (5.2.24) 


Using  Theorem  2.1  of  Goldstein  (1975a)  once  again,  it  follows  chat 


(5.2.26) 


C - Diag(n"1T2+o2,...,n"lT2+a2) 


jth  component 


• „„  i - c-iy;  - .W  ■ E * *'u;  " ' - 

.pplylng  Result  5.2.2, 


KfX  - * 

&\l£l  m «'4(((l-BjXl-Br»). 
where  R2  - **/•*.  £,  - Dlegfl-B, 1-B.)  .nd 


£2  ■ (U-BjKl-Sj.)),  the  matrix  with  its  (J.J-)  element  equal  to 
< l-Bj >< I-  B^,).  Now,  it  follows  from  (5.2.27)-(5.2.29) 


' ~ •'V-yv-’- 

- u«'2(H«2Ej.1Cl-»J)rICIB-t)'  (5.2.31) 


heavy  algebra 


D-'b-  rvBj[l+E2lJ_1(l-BJ»_1 

R2B3  ( I+RjI^.j (1-Bj  ))"'  (l^-BJ+d-Bj  )e£J  ’ 

E(«jlE  ) - vBjfJ+RzEj.jO-Bj))-1 

tR2Bj(l+R2Ej-l(1’y)  ‘ ^-1  < ,-*J  Wi  +(  ,-BJ  )Xj 

- Ba[C  1+Ejt"., (1-Bj ) )'* ( WR2£".,(  1-Bj JXj )]+<  1-Bj 

- Xj -Bj  [ij -(  1+R2i".,<  1-Bj  ) )"*  ( v+Vj-l  < l-Bj  iJCj ) ] 

- X,  - B.(X  -u)  (say).  (5.2.35) 


where  u • (WR^Ej^t 

‘W’ 

For  i»l<j<M, 

) * 

(5.2.36) 

Hence,  writing  H - E« 

.,N  and  n - l"  ,n. 

Eiisator  of 

“■  ,,  ■ t.rtw»,.  >J  - V*’  ”*  -■ 


■>  i ■ 'ii v ■“»  \ -»k‘*SiVXj. 

X-&V  “■*-«  


»...  - >,/(•,«„)  ( 
K,  ■ -3  ‘"iXii-  ■,  ■ 


<w  ■ -M  ■ W 


He  may  note  that  » - E(uk)  and  62  - V(„k>.  Al.o, 


■ °2<nkjEi+l)  ■ •*<1-Vj>"1 


Remark  5.2.3.  Note  that  when  Hfc  - 1 Eor  all  k 
an  that  Rj  - «2/o2  - 0,  and  u*  - ».  one  gets 

eBk)  - \!l\l\l+(Nkl-”kl>«l-'kl)iltBkl''’l 


5 ■ ^o-yy^u-y.  ■" 


-1 V 


■ s-.y-'jW’-  » 


One  can  see  the  closeness  of  the  two  expressions  given  In  (5.2.42) 
and  (5.2.43),  the  only  difference  being  chat  in  (5.2.43).  v is 
replaced  by  v.  Me  shall  see  in  the  next  section  chat  e_  con 
indeed  he  motivated  from  an  empirical  Bayes  point  of  view. 

5. 3 Empirical  Bayes  Estimation 


rom  the  data.  Writing  XjJ  = (\, 

* ’ 

- o2W.g((l-B  >_1 (1-B  r1), 


- -'VagO-B,,, l-B^) 


-R2(  1+R;,^.,  ( 1-Bfcj  ) )''  ( « 1-Bkj  K - ) ) ) ] . 


(5.3.3) 


■*“«  *•“  Ww“-\j’  - 1 ■ A.  *•  !™  <’■»•» 

■ i4.A>Ji»-u,rl  “-W-  <=•■ 


4 ■"* 


<l-BkjXl-Bkr)«2] 


(5.3.7) 


"1  • 

■ 4i‘Ja,<VV*. 

. ■ V'r.j  ■ 


! ! ! 


** “*  “ \ - V'S.-aV  - « - *“4i*A  ■ 

r . Writ*  ^ - 1^,  - V .ad  d.fla. 

”!  ■ * <\)-Vrt  <>■>■“> 

SS3  ■ Ek.|nJ(V?>  + <V5>]2-  (5.3.13) 


- (n-B)T2,  where  n - (5.3.14) 

■ <*-  ■E.d-J'id'ii'2  * >-«»’’  <>•=•■» 


■“>  «W  ■ 1 - «■«>!  V ■ >.<v « 


“■“a"  ' **i<*ii?  ■ *! 


E(ssi>  - £^.t>iElE[cw<zk3i-?kj)2l6kj'8]) 

K "k  2 

- Wi  <%r1)T 


3.12),  using  E(Zk^-Zk | 8^ 


£k-lEEt£j.lnkj<Z 


k)2|9kj'8l 


^.^I'j-l-kj1 


Sj^n^tZy-Z^)2  - |'(ll  - n‘1n<lt)n<fc)')|k,  (5.3.18) 


2<k>  ‘ ("kl %»/' 


Now,  using  (5.3.18),  (5.3.19)  and  Lemma  2.3.1,  one  gets 

■f'J.VVV'IV-l 

‘".’■VuV  ■ ‘JSfta^V-  “•*•«» 

ECkj  |Uk>  - 0 and  VCkj  |Uk)  - m20.k).  (5.3.22) 


E^Ij-lnltJ(Tkj'^k)2|“k^ 


Using  tl,n  f,«  Chat  8(2,4 1 ^ '» 


8(883)  ■ 


*l*k-iVV*)2l  ■ Ek-i(vn"lnk,nklt2 


applying  Lemma  2.3.1  once  again,  one  gees 

Et^-i\  <v5)2i  - Eiiwnkrtk^)ii 

■ ik-itnk*"~lnv)f(nk2i:j-inkj^2*<2]- 

Equation  (5.3. 16)  now  follows  from  (5.3.25)  and  (5.3.27). 


(5.3.27) 


M3,  - SSI/(n-m),  11S2  ■ SS2/(m-K)  and  MSj  - SSj/(K-l).  (5.3.28) 


E(MS3)  - T2  + g2o2  + gjd2. 


(5.3.31) 


g2  - os-1)" 


EdMSj-MSj-gjgj'cMSj-MSpIg"1]  - S2, 


'**“  •«  ■ V\  ■ "■  ■“ 


(5.4.3) 


E(^-uk)2  - d2E(0-v>2  - d2V($).  (5.4.5) 

Using  Che  representation  (5.3.6)  for  $,  (5.3.7),  and  the 

1A1  - «■*•*> 

Hence,  fron  (5.4.4)-(5.4.6), 

(5.4.7) 


— >“  £i-a  - “•••  >«a>  - «1>  - *■  *> 

*“■  ”**•  *<V  ■ v|v  ■ ■V-v- 

»*‘VV--' 5,-  «VV>  ■ oZB2  ()>)').  one  gees  Fro. 
(5.4.9), 

Hence,  (com  (5.4.10), 


'j-i’ra  ' 1-‘w'a'|-'a‘a>- 


(ii)  sup  < C, 


RSLUie^,^)  - 0(K~‘)  as  K * ■.  (5.4.13) 


Ele*B-eBl2  < K-1<i2<R1+l)<E^_Imkdk)-1(E^_1d^) 

« K"»2(*i+ix^.1-jkr1<^.1dk) 

- K_V(R,+l).  (5.4.14) 

"v  , 

Rjd^Ej^j  (1-B^j  ) ■ 1-d,^ , it  follows  that 


and  using  Che  Schwarz  Inequality 


-v1 


hence,  from  (5.4.15),  one  gees 


assumption  (ii)  < C . Moreover,  using  assumption  (111) 


Ej-ivy  ‘ I~!>irkj(|-fkjBkj>  * 1_Ej-irkj 

- * (W\l » * Ci-k(vir‘ 

- plnyH)  1 » p(C+l)  '. 


- a2p2(C+l)"2(c(l+R2C)r1. 


It  follows  from  (5.4.14)  that  the 


W ■ ■“fcjilV  *od  "4<V  - 


(1)  and  (11)  of  Theorem 


(a)  «N«U)]  < - and  (b)  E^fa,)]  < -. 
V(MSt)  • DOT1)  (1-1, 2,3). 


“■m1  * "w'SMjii  ■ ivvi 


«»i>  < - 'Awi  ■ «». 


«»,1  ■ teM-V  * <vVl*l 

■ 4, \,[<VV  * <VV1*I* 

‘ * <*aA»‘ 


«vv‘  - *!«<]>  * 


'<?>  ‘ 
«K>  • 


"VV*  < “<[>.<■, .» 
«VV4  ■ “>[■.<■!». 


«*V‘  ilMV-iilt. 


Uj.  ^ Uj, 


«“>>  < iMirtA-si*)  * >t4i •k<vi>!) 

«[«:., -i'li-SiiVii]]- 


vjrj^_1nkczk-2)2j 

£.l(V  ^ )Z[EtzJ)  - (E<zj[))2] 


Now,  using  E(z*)  < E[»4(8n)]  and  E(Z2)  « T2  for  all  k-l,...,K, 


Vl^.lnk'2k-  ?>21 
< tllv^  )2e[“4<6U)] 


vl£k-i"k(V2)2l  - ««  “ * * -•  <5-4-25) 

By  similar  arguments,  gets 

Vl,k-lnk<V®>2!  ’ 0tK)  as  K * “•  (5.4.26) 

Using  the  formula  V(X)  - EV(x|y)  ♦ VE(x|y>,  the  c{-lnequallty  and 
writing  g(8k)  - E^Iu2<®|tj>.  one  gets 

V(£k-lnk<V2,(V5,l 


■ ii,vW» 


expression 


\ - 'Ji<vv*  * * Vv>’i- 


■li'-ki-"'!'  < v"!.«V*’‘  < «1 


’gumption  (li)  of  the 


™ ,",*<❖  < *«,«%>• 


* ‘vv&vv 


■»••  “ v5i<‘-v  ■ «?“-*»>■ 

"«i  ’ 1 “ !>i'w  - x • «■ 

-«*,«>-• 

>-*,  ■ “V- 

«« * wv.f'4»!«!1*ir1!  > v<v‘*V> 

1^1  < V>l- 


■ i.vv"1’  ■ 
......  4 . £,;„cv>*  ■ i<su->‘  ■ ~. 

...  ■ *•„  . <v 


< lvM‘  * V,“  -iJ’.iAjl. 


«.  |ilA|  l « - K. 


accomplished  by  showing 


CHAPTER  SIX 

SUMMARY  AND  FUTURE  RESEARCH 


Che  previous  sections,  one  can 
sources.  *P»e  proposed  emptrtcal  Bayes  estimators  achieve  this 
expressions  does  not  require  any  specific  distributional  form  of 

former,  especially  for  moderately  large  number  of  strata.  On  the 
substantially  better  than  the  subjective  Bayes  estimator  for 


Research 


characteristic  available.  The  situation  when  we  have  response 
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